TORELLI THEOREM FOR STABLE CURVES 

LUCIA CAPORASO AND FILIPPO VIVIANI 



Abstract. We study the Torelli morphism from the moduli space of stable 
curves to the moduli space of principally polarized stable semi-abelic pairs. 
We give two characterizations of its fibers, describe its injectivity locus, and 
give a sharp upper bound on the cardinality of the finite fibers. We also bound 
the dimension of the infinite fibers. 
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1. Introduction 

1.1. Problems and results. In modern terms, the classical Torelli theorem ( |T13) . 
|ACGH| ') asserts the injectivity of the Torelli map tg : Mg Ag from the moduli 
scheme Mg, of smooth projective curves of genus g, to the moduli scheme Ag, of 
principally polarized abelian varieties of dimension g. 
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Context. It is well known that, if g > 1, the schemes Mg and Ag are not complete; 
the problem of finding good compactifications for them has been thorougly investi- 
gated and solved in various ways. For Mg, the most widely studied compactification 
is the moduli space of Deligne-Mumford stable curves, Mg. 

Now, the Torelli map tg does not extend to a regular map from Mg to Ag . More 
precisely, the largest subset of Mg admitting a regular map to Ag extending tg is 
the locus of curves of compact type (i.e. every node is a separating node). Therefore 
the following question naturally arises: does there exist a good compactification of 
Ag which contains the image of an extended Torelli morphism from the whole of 
Mg? If so, what are the properties of such an extended map? 

It was known to D. Mumford that tg extends to a morphism 

-Vor -rj —r^°^ 

tg : Mg Ag , 

where A^°^ is the second Voronoi toroidal compactification of Ag] see [AMRTj . 

|Nam76b] . jNamSO] . |FC90| . On the other hand, the map t]^"^ fails to be injective: 
if 5 > 3 it has positive dimensional fibers over the locus of curves having a sep- 
arating node (see |Nam80[ Thm 9.30(vi)]). Furthermore, although t^"^ has finite 
fibers away from this locus, it still fails to be injective (see |V03| ). The precise 
generalization of the Torelli theorem with respect to the above map t^ °^ remains 
an open problem, since the pioneering work of Y. Namikawa. 

In recent years, the space Ag °^ and the map t^"*^ have been placed in a new 
modular framework by V. Alexeev ( |Ale02j . |Ale04| ) . As a consequence, there exists 
a different compactification of the Torelli morphism, whose geometric interpretation 
ties in well with the modular descriptions of Mg and of the compactified Jacobian. 
More precisely, in [Ale02l a new moduli space is constructed, the coarse moduli 

space parametrizing principally polarized "semi-abelic stable pairs". The 

Voronoi compactification A^°^ is shown to be the normalization of the irreducible 
component of A^""^ containing Ag\ see Theorem 11.2.51 below. Next, in |Ale04| . a 
new compactified Torelli morphism, tg, factoring through t^°^ , is defined: 

-rVor 

— -TT q —rVor — rmod 

tg : Mg ^Ag ^Ag . 

tg is the map sending a stable curve X to the principally polarized semi-abelic stable 

pair {J{X) r\ P^~^,0(X)). Here J{X) is the generalized Jacobian of X, Px~^ 
is a stable semi-abelic variety, called the compactified Picard scheme (in degree 
g — 1), acted upon by J{X); finally Q{X) C Px~^ is a Cartier, ample divisor, 

called the Theta divisor. As proved in |Ale04] . Px~^ coincides with the previously 
constructed compactified Picard schemes of |OS79| , |Sim94) , and |Cap94| ; moreover 
the definition of the theta divisor extends the classical one very closely. 

The main result. The goal of the present paper is to establish the precise analogue 
of the Torelli theorem for stable curves, using the compactified Torelli morphism tg. 
This is done in Theorem 12. 1.7[ our main result, which characterizes curves having 
the same image via tg. In particular we obtain that tg is injective at curves having 
3-edge-connected dual graph (for example irreducible curves, or curves with two 
components meeting in at least three points). On the other hand tg fails to be 
injective at curves with two components meeting at two points, as soon as 5 > 5; 
see Theorem 15. 1.51 

We actually obtain two different characterizations of curves having the same 
Torelli image, one is based on the classifying morphism of the generalized Jacobian 
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(see Section [3]), the other one, less sophisticated and more exphcit, is of combina- 
torial type and we shall now illustrate it. 

Let X and X' be two stable curves free from separating nodes (this is the key 
case); our main theorem states that tg{X) = tg{X') if and only if X and X' 
are "Cl-equivalent" , i.e. if the following holds. First, X and X' have the same 
normalization, Y; let : Y ^ X and v' : Y ^ X' be the normalization maps. 
Second, v and v' have the same "gluing set" G C F, i.e. i'~^(^sing) = '^'"^(-'^sing) = 
G. The third and last requirement is the interesting one, and can only be described 
after a preliminary step: we prove that the set Xsing of nodes of X has a remarkable 
partition into disjoint subsets, called "Cl-sets", defined as follows. Two nodes of 
X belong to the same Cl-set if the partial normalization of X at both of them is 
disconnected. Now, the gluing set G maps two-to-one onto Xsmg and onto X'^^^^, so 
the partitions of Xging and of ^gj^g in Cl-sets, induce each a partition on G, which 
we call the "Cl-partition" . We are ready to complete our main definition: two 
curves are Cl-equivalent if their Cl-partitions on G coincide; see Definition 12.1.11 
and Section [2T2l for details. 

Let us explain the close, yet not evident, connection between the Cl-sets of X 

and the compactified Picard scheme -P^^^- The scheme f'x"^ endowed with a 
canonical stratification with respect to the action of the Jacobian of X. Now, every 
codimension-one stratum ("CI" stands for "codimension one") is isomorphic to 
the Jacobian of the normalization of X at a uniquely determined Cl-set; moreover, 
every Cl-set can be recovered in this way (although different codimension-one strata 
may give the same Cl-set). 

Let us consider two simple cases. Let X be irreducible; then no partial nor- 
malization of X is disconnected, hence every Cl-set has cardinality one. On the 

other hand has a codimension-one stratum for every node of X. In this case 

the Cl-partition completely determines X, as it identifies all pairs of branches over 
the nodes; we conclude that the Torelli map is injective on the locus of irreducible 
curves, a fact that, for t^ °^ , was well known to Namikawa. 

The next case is more interesting; let X be a cycle oih>2 smooth components, 
Gi, . . . ,Ch, with h nodes; then G = {pi, qi, . . . ,pii,qh} with Pi,qi G Gi. Now every 
pair of nodes disconnects X, therefore there is only one Cl-set, namely Xging- On 

the other hand the scheme Px~^ is irreducible, and has a unique codimension-one 
stratum. We obtain that all the curves of genus g whose normalization is uJ'Cj and 
whose gluing points are {pi,qi, ...,ph,qh} are Cl-equivalent, and hence they all 
have the same image via the Torelli map tg . This case yields the simplest examples 
of non-isomorphic curves whose polarized compactified Jacobians are isomorphic. 

Overview of the paper. In Section [5] we state our first version of the Torelli theorem, 
and prove a series of useful results of combinatorial type. 

The proof of the main theorem, which occupies Section |4l is shaped as follows. 
The difficult part is the necessary condition: assume that two curves, stable and 
free from separating nodes, have the same image, denoted (J r\ P,&), under the 
Torelli map; we must prove that they are Cl-equivalent. First, the structure of 
J-scheme of P yields a stratification whose (unique) smallest stratum determines 
the normalization of the curves, apart from rational components. Second, the 
combinatorics of this stratification (the J-strata form a partially ordered set, by 
inclusion of closures) carries enough information about the combinatorics of the 
curves, to determine the "cyclic equivalence class" f see 11.2.2]) of their dual graphs. 
This second part requires a combinatorial analysis, carried out in Section [21 From 
these two steps one easily obtains that the two curves have the same normalization. 
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It remains to prove that the gluing sets of the normahzation maps are the same, 
together with their Cl-partition. Here is where we use the Theta divisor, Q, its 
geometry and its connection with the Abel maps of the curves. See Subsection 14.21 
for details on this part. 

The proof of the converse (i.e. the fact that Cl-equivalent curves have the 
same Torelli image) is based on the other, above mentioned, characterization of 
Cl-equivalence, which we temporarily call "T-equivalence" (the "T" stands for 
Torelli). The crux of the matter is to prove that Cl-equivalence and T-equivalence 
coincide; we do that in Section |3l Having done that, the proof of the sufficiency 
follows directly from the general theory of compactifications of principally polarized 
semiabelian varieties, on which our definition of T-equivalence is based. 

The paper ends with a fifth section where we compute the upper bounds on the 
cardinality fTheorem l5.1.5L and on the dimension (Proposition [5^ 
of tg . We prove that the finite fibers have cardinality at most 



(g-2) 



), of the fibers 
in particular. 



2 

since our bound is sharp, we have that, away from curves with a separating node, 
tg is injective if and only if g < 4. In Theorem 15. 1.51 we give a geometric description 
of the injectivity locus of tg. 
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godsky's thesis [V03j . Part of this paper was written while the first author was 
visiting MSRI, in Berkeley, for the special semester in Algebraic Geometry; she 
wishes to thank the organizers of the program as well as the Institution for the ex- 
cellent working conditions and the stimulating atmosphere. We also wish to thank 
the referee for some useful remarks. 

1.2. Preliminaries. Wc work over an algebraically closed field k. A variety over 
/c is a reduced scheme of finite type over k. A curve is a projective variety of pure 
dimension 1. 

Throughout the paper A" is a connected nodal curve of arithmetic genus g, and 
y is a nodal curve, non necessarily connected. We denote by gy the arithmetic 
genus of Y. 

A node n of y is called a separating node if the number of connected components 
of y \ n is greater than the number of connected components of Y . We denote by 
y^ep the set of separating nodes of Y. 

For any subset S C A'sing := {nodes of X}, we denote by 1/5 : yg — > X the partial 
normalization of X at S. We denote by 75 the number of connected components 
of Ys ■ The (total) normalization of X will be denoted by 

7 

ly-.X'' ^X = ]]_Ci 

1=1 

where the Ci are the connected components of X"^ . The points J^^^(Xsing) C X'^ 
will be often called "gluing points" of ly. 

The dual graph of Y will be denoted by Ty ■ The irreducible components of Y 
correspond to the vertices of Ty, and we shall systematically identify these two 
sets. Likewise we shall identify the set of nodes of Y with the set, E{ry), of edges 
of Ty. 

A graph F is a cycle if it is connected and has h edges and h vertices (each of 
valency 2) for some h > 1. A curve whose dual graph is a cycle will be called a 
cycle curve. 

1.2.1. The graph Tx{S) and the graph Fx \ S. Let S C A^sing be a set of nodes of 
X; we associate to 5* a graph. Fx (5*), defined as follows. Fx(S') is obtained from 
Fx by contracting to a point every edge not in S. In particular, the set of edges of 
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TxiS) is naturally identified with S. Consider vs ■ Ys ^ X (the normalization of 
X a,t S). Then the vertices of Tx (S) correspond to the connected components of 
Ys- For example, Tx{Xsing) — Tx, and Tx{9) is a point. 

The graph Tx \ S* is defined as the graph obtained from Tx by removing the 
edges in S and leaving everything else unchanged. Of course Tx \ S is equal to the 
dual graph of Ys . 

The above notation was also used in jCVOQj . 

1.2.2. In graph theory two graphs T and T' are called cyclically equivalent (or "two- 
isomorphic" ) , in symbols T =cyc T', if there exists a bijection e : E{T) — > £'(r') 
inducing a bijection between the cycles of T and the cycles of T'; such an e will be 
called a cyclic bijection. In other words, if for any orientation on T there exists an 
orientation on T' such that the following diagram is commutative: 

Ci(r,z)^-Ci(r',z) 
i/i(r,z)^i7i(r',z) 

where the vertical arrows are the inclusions, ec is the (linear) isomorphism induced 
by e and en the restriction of ec to Hi{T, Z). 

J J J . —rmod 

1.2.3. I he moduli space Ag 

Definition 1.2.4. |Ale02j A principally polarized stable semi-abelic pair (ppSSAP 
for short) over fc is a pair {G r\ P, Q) where 

(i) G is a semiabelian variety over fc, that is an algebraic group which is an 
extension of an abelian variety A by a torus T: 

l^r^G->A->0. 

(ii) P is a seminormal, connected, projective variety of pure dimension equal 
to dim G. 

(iii) G acts on P with finitely many orbits, and with connected and reduced 
stabilizers contained in the toric part T of G. 

(iv) Q is an effective ample Cartier divisor on P which does not contain any 
G-orbit, and such that h°{P, Op{e)) = l. 

A G-variety (G rv P) satisfying the first three properties above is called a stable 
semi-abelic variety. A pair (G rv P, Q) satisfying all the above properties, except 
h^{P,Op{Q)) = 1, is called a principally polarized stable semi-abelic pair. 

When G is an abelian variety, the word "semi-abelic" is replaced by "abelic" . 

A homomorphism $ — (0o,0i) '■ {G r\ P,Q) (G' r\ P',8') between two 
ppSSAP is given by a homomorphism of algebraic groups ipo : G ^ G' , and a 
morphism 0i : P P' , satisfying the following two conditions: 

(1) 00 and 01 are compatible with the actions of G on P and of G' on P'. 

(2) 0r'(0') = e 

$ = {(j)Q, (pi ) is an isomorphism if 00 and 0i are isomorphisms. 
One of the main results of jAle02] is the following 

Theorem 1.2.5. There exists a projective scheme Ag which is a coarse moduli 
space for principally polarized stable semi-abelic pairs. Moreover the open subset 
parametrizing principally polarized stable abelic pairs is naturally isomorphic to Ag . 

The normalization of the irreducible component of Ag containing Ag ( the "main 

component") is isomorphic to the second toroidal Voronoi compactification ■ 
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To the best of our knowledge, it is not known whether the main component of 
A™° is normal; see jBri07| for an expository account. 

1.2.6. The compactified Torelli map tg : Mg A™°'^ . 

We shall now recall the modular description of the compactified Torelli map 

— -rr-r — rinod 

tg : Mg ^ Ag . 

Definition 1.2.7. Let F be a nodal curve of arithmetic genus gy- Let M be a line 
bundle on Y of multidegree d and degree gy — I- We say that M, or its multidegree 
d, is semistable if for every subcurve Z C Y of arithmetic genus gz, we have 

(1.1) gz-l<dz, 

where dz ■= deg^ M. We say that M, or its multidegree d, is stable if the equality 
holds in (jl.ip exactly for every subcurve Z which is a union of connected components 
of Y. We denote by S(F) the set of stable multidegrees on Y. 

We denote by Pic-F the variety of line bundles of multidegree d on Y. The 
variety of line bundles having degree on every component of Y, Pic-Y — J{Y), 
is identified with the generalized Jacobian. Using the notation of ll.2l and ll.2.11 we 

now recall some properties of the compactified Jacobian Px^^ (see |Ale04) . |Cap07| ). 

Fact 1.2.8. Let X be a connected nodal curve of genus g, and J{X) its generalized 
Jacobian. 

(i) Px^^ is a SSAV with respect to the natural action J{X). 
(a) The orbits of the action of J{X) give a stratification of Px ^' 

(1.2) M Pi 

where each stratum P^ is canonically isomorphic to Pic-15. 
(Hi) Ti{Ys) is not empty if and only ifYs has no separating node. In particular, if 

Y,(Ys) is not empty then Xsep Q S. 
(iv) Each stratum P^ is a torsor under the generalized Jacobian J{Ys) ofYs, and 

the action of J{X) on P^ factorizes through the pull-back map J{X) J{Ys). 

Hence every nonempty stratum P^ has dimension 

(1.3) dimP| = dim J(ys) = .g - #5 + 7s - 1 = .g - b^iTxiS)). 

(v) If P§', C P§ then S C S' andd> d' (i.e. d, > d[, Vi = 1, . . . , 7 ). 
(vi) The smooth locus Px ^ of P^^ consists of the strata of maximal dimension: 

The irreducible components of Px ^ are the closures of the maximal dimension 
strata. 

To give the definition of the theta divisor we introduce some notation. For any 
multidegree d on a curve Y and for any r > we set 

(1.4) Wl{Y) := {L e Pic^r : h^{Y,L) > r}; 
when r = the superscript is usually omitted: W^{Y) — Wd{Y). 
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The normalization of X at its set of separating nodes, Xscp, will be denoted by 

(1.5) X^Y[X, 

1=1 

where the Xi are connected (and all free from separating nodes). Note that 7 = 
#Xscp + 1- We denote by gi the arithmetic genus of Xi. 

The subsequent facts summarize results of [E97| . |Ale04] and |Cap07| . 

Definition 1.2.9. The theta divisor e{X) of P|"^ is 

eix) := U W,iX)cP^. 

deT:(X) 

Fact 1.2.10. (i) The pair {J{X) rv P|"\e(X)) is a ppSSAP. In particular 
e{X) is Cartier, ample and h°{P^~\e{X)) ^ 1. 
(ii) The stratification of ^ given bv \1.2.8Y ii) induces the stratification 

(1.6) e(x)= [] e|, 

where ef := {M £ P| : h°{Ys, M) > Q} = W^°(Xs) is a divisor m P§. 
(Hi) Let Ys — U^^-^y; be the decomposition ofYs in connected components, and let 
d E 'S{Ys). The irreducible components of are given by 

{Qi)^^{LeP| : /i°(r„i|yj >0}, 

for every 1 < i < 75 such that the arithmetic genus of Yi is positive. 

Remark 1.2.11. From the description 11.2.81 we derive that there exists a unique 
J(X)-stratum in Px^^ contained in the closure of every other stratum, namely 

We refer to this stratum as the smallest stratum of P^^ ■ Moreover, according to 
stratification (|1.6p . the restriction of 0(X) to the smallest stratum is given by 

7 

(1.7) e(x) (31-1 = I Jpic^i^^Ci X ••■ X e(a) x ••• x pic^^^^CT,. 

We can now state the following result of Alexeev ( jAle04j ') : 

Theorem 1.2.12. The classical Torelli morphism is compactified by the morphism 
tg : Mg — >■ which maps a stable curve X to (JiX) r\ P^'^ ,Q{X)). 

1.3. First reductions. We shall now show that the ppSSAP (J(X) ^P|"\e(X)) 
depends only on the stabilization of every connected component of the partial nor- 
malization of X at its separating nodes. Most of what is in this subsection is well 
known to the experts. 

We first recall the notion of stabilization. A connected nodal curve X of arith- 
metic genus g > is called stable if each smooth rational component E C X meets 
the complementary subcurve E'^ = X \ E in at least three points. So, when g = 
the only stable curve is . If 5 = 1 a stable curve is either smooth or irreducible 
with one node. If g > 2 stable curves are Deligne-Mumford stable curves. 
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Given any nodal connected curve X, the stabilization of X is defined as the curve 
X obtained as follows. If X is stable then X = X; otherwise let E c X be an 
exceptional component (i.e. E C X such that #i? Ci E'^ < 2 and E = V^), then 
we contract E to a, point, thereby obtaining a new curve Xi. If Xi is stable we let 
Xi = X, otherwise we choose an exceptional component of Xi and contract it to a 
point. By iterating this process we certainly arrive at a stable curve X. It is easy 
to check that X is unique up to isomorphism. 

The stabilization of a non connected curve will be defined as the union of the 
stabilizations of its connected components. 

From the moduli properties of , and the fact that it is a projective scheme, 
one derives the following useful 

Remark 1.3.1. (Invariance under stabilization.) Let X be a connected nodal curve 
of arithmetic genus g >0, and let X be its stabilization. Then 

{J{X)n.P^,Q{X)) - {J(X)n.Pf^,e(X)). 

Now, we show how to deal with separating nodes. To do that wc must deal with 
disconnected curves. Let Y = U^^^ be such a curve and gy its arithmetic genus, 
so that gy — J2 dYi ~ ^- We have 

(1.8) W^ = i[W^ and e(y) = U7r*(e(y,)) 

i=l i=l 

where tTj : P^"^ Py^' ^ is the i-th projection. 

The next Lemma illustrates the recursive structure of (P^~^,9(X)). For S C 
Xging such that ^{Yg) is non empty (i.e. Yg has no separating nodes), denote 

(1.9) P^~ y P§cPr^ and Q^:=Q{X)nP^. 

<ieE(Ys) 

Lemma 1.3.2. Assumptions as above. There is a natural isomorphism Ps = 
P^^ ^ , inducing an isomorphism between 6s and <d(Ys). 

Proof. Recall that P|"^ is a GIT-quotient, Vx P^~^ = Vx/G where Vx is 
contained in a certain Hilbert scheme of curves in projective space (there are other 

descriptions of Px^^ as a GIT-quotient, to which the subsequent proof can be 
easily adjusted). Denote Vy := q~^{Ps) so that Vy is a, G-invariant, reduced, 
closed subscheme of Vx and Ps is the GIT-quotient 

(1.10) Vy Vy/G = P^. 

The restriction to Vy of the universal family over the Hilbert scheme is a family of 
nodal curves Z —^Vy endowed with a semistable line bundle C ^ Z. Let Z be any 
fiber of Z ^ Vy; then Z has X as stabilization, and the stabilization map Z ^ X 
blows- up some set S' of nodes of X; note that S' certainly contains S. Therefore 
the exceptional divisors corresponding to s G S form a family over Vy 

ZdSs^ Vy, 

such that £s = Uses and every Eg is a P^-bundle over Vy. Consider the family 
of curves obtained by removing £s- 

y:=Y^^Vy. 

By construction the above is a family of nodal curves, all admitting a surjective map 
to Ys which blows down some exceptional component (over a dense open subset 
of Vy the fiber of y ^ Vy is isomorphic to Ys). The restriction Cy of £ to 3^ 
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is a relatively semistable line bundle. Therefore Cy determines a unique moduli 

map fi from Vy to the compactified Picard variety of Isj i-c ii : Vy ^ P^J^ ^■ 
The map /i is of course G- invariant, and therefore it descends to a unique map 

71 : Vy /G — > ^Ys^ ^ ■ Summarizing, we have a commutative diagram 



Vy p^.^ 



Vy/G = Ps 




By Fact II .2. '51 the morphism /i is a bijection. Since P^J^ is seminormal, /i is an 
isomorphism. Finally, by Fact 11.2.101 we conclude that Jl maps isomorphically 
to Q{Ys). ■ 

We say that a ppSSAP (G r\ P, O) is irreducible if every irreducible component 
of P contains a unique irreducible component of 0. In the next result we use the 
notation (11.51). 



Corollary 1.3.3. (i) If Xsep = then {J{X) r\ P^ \ e{X)) is irreducible, 
(a) In general, we have the decomposition into irreducible non-trivial ppS SAP: 



{J{X) Pf\eiX)) = n (J(X,) p|-\ e(x,)). 



Xi 

g^>o 



Proof. The first assertion follows from |Cap07[ Thm 3.1.2]. For the second assertion, 
bv 11.2.81 we have J{X) = Y[l=i J{Xi). Now we apply Lemma [1.3.21 to S = X^c-p. 
Note that in this case Ps = P|."\ and hence 65 = Q{X). Therefore we get 



{P!,-\Q{x)) - (p|--\e(x)) = J] (p|-\e(x,)). 



2. Statement of the main theorem 

2.1. Cl-equivalence. Assume that Xgcp = 0. We introduce two partially ordered 

sets (posets for short) associated to the stratification of Px~^ into J(X)-orbits, 
described in (11.21) . 

• The poset of strata, denoted STx , is the set {Pg} of all strata of Px~^ , endowed 
with the following partial order: 

(2.1) P§ > 4==^ P§ P|. 

• The poset of (strata) supports, denoted SVx, is the set of all subsets S C Xging 
such that the partial normalization of X at S, Ys, is free from separating nodes, or 
equivalently (recall [TT2TT]): 

(2.2) SVx ■■= {S C E{Tx)\ Fx \ has no separating edge}. 
Its partial order is defined as follows: 

S >T ^ S QT. 

There is a natural map 

Supp_Y : STx — > SVx ; P§^ S. 
Suppx is order preserving (by Fact 11.2. ST lv])). and surjective (by Fact 11.2. Sl in)). 
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We have the integer valued function, codim, on SVx (cf. 11.2.11 and (|1.3p ): 
(2.3) codini(S') dim J(X) - dim J(r5) = bi{Vx{S)). 

Notice that codim(S') is the codimension in P^"^ of every stratum £ Supp^^(S'). 
Moreover codim is strictly order reversing. 

Lemma - Definition 2.1.1. Assume Xgep — 0; let S £ SVx- We say that S is a 
Cl-set if the two equivalent conditions below hold. 

(1) codim(5) = 1. 

(2) The graph Tx{S) (defined in \ 1.2.1]) is a cycle. 
We denote by Set^X the set of all Cl-sets of X . 

Proof. The equivalence between ([T]) and ^ follows from (|2.3p . together with the 
fact that for any S C Xsi„g the graph Tx{S) is connected and free from separating 
edges (because the same holds for Tx)- B 

2.1.2. Under the identification between the nodes of X and the edges oiT{X), our 
definition of Cl-sets of X coincides with that of Cl-sets of T{X) given in |CV09i 
Def. 2.3.1]. The set of Cl-sets of any graph F, which is a useful tool in graph 
theory, is denoted by Set^F; we shall, as usual, identify Set^Fx = Set^X. The 
following fact is a rephrasing of |CV091 Lemma 2.3.2]. 

Fact 2.1.3. Let X be a connected curve free from separating nodes. 

(1) Every node of X is contained in a unique Cl-set. 

(2) Two nodes of X belong to the same Cl-set if and only if the corresponding 
edges of the dual graph T x belong to the same cycles of T x ■ 

(3) Two nodes ni and n2 of X belong to the same Cl-set if and only if the 
normalization of X at ni and n2 is disconnected. 

Remark 2.1.4. Therefore, if X^op — the Cl-sets form a partition of X^ing- The 
preimage under the normalization map v of this partition is a partition of the set 
of gluing points, J^^^(Xsing) C X'^. We shall refer to this partition of i^^^(Xsing) as 
the Cl-partition. 

The main result of this paper. Theorem 12.1.71 below . is based on the following 

Definition 2.1.5 (Cl-cquivalence.). Let X and X' be connected nodal curves 
free from separating nodes; denote by i/ : X'^ X and ly' : X'^ X' their 
normalizations. X and X' are Cl-equivalent if the following conditions hold 

(A) There exists an isomorphism (p : X'^ ^ X'^ . 

(B) There exists a bijection between their Cl-sets, denoted by 

Set^X ^ Sct^X'; S ^ S' 

such that (t){v''^{S)) = v'~^{S'). 
In general, two nodal curves Y and Y' are Cl-equivalent if there exists a bijection 
between their connected components such that every two corresponding components 
are Cl-equivalent. 

With the terminology introduced in Remark |2.1.4[ we can informally state that 
two curves free from separating nodes are Cl-equivalent if and only if they have 
the same normalization, F, the same set of gluing points G C F, and the same 
Cl-partition of G. 

Example 2.1.6. (1) Let X be irreducible. Then for every node n e Xsing the 
set {n} is a Cl-set, and every Cl-set of X is obtained in this way. It is 
clear that the only curve Cl-equivalent to X is X itself. 
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(2) Let X = C1UC2 he the union of two smooth components meeting a.t S > 3 
nodes (the case 5 = 2 needs to be treated apart, see below). Then again 
for every n S Xg-mg we have that {n} G Set^X so that Set^X = Xging- Also 
in this case X is the only curve in its Cl-equivalent class. The same holds 
if the Ci have some node. 

(3) Let X be such that its dual graph is a cycle of length at least 2. Now the 
only Cl-set is the whole Xging and, apart from some special cases, X will 
not be the unique curve in its Cl-equivalent class; see example 15.1.21 and 
section [S] for details. 

Theorem 2.1.7. Let X and X' be two stable curves of genus g. 

Assume that X and X' are free from separating nodes. Then tg{X) = tg(X') if 
and only if X and X' are Cl-equivalent. 

In general, let X and X' be the normalizations of X and X' at their separating 
nodes. Then ig{X) = tg(X') if and only if the stabilization of X is Cl-equivalent 
to the stabilization of X'. 

By Example 12.1.61 we have that if X is irreducible, or if X is the union of two 
components meeting in at least three points, then the Torelli map is injective (i.e. 
t-^{tg{X) = {X}). The locus of curves X eJfg such that tg^{tg{X) = {X} will 
be characterized in Theorem 15.1.51 Theorem 12 . 1 . 71 will be proved in Section 

2.2. Some properties of Cl-sets. Here are a few facts to be applied later. 

Remark 2.2.1. Let S G Set^X and consider I5, the normalization of X at S. By 
definition Ys has connected components, and rx('5') can be viewed as the graph 
whose vertices are the connected components of I5, and whose edges correspond 
to S. Since rx('S') is a cycle, if X is stable every connected component of Ys has 
positive arithmetic genus. 

Lemma 2.2.2. Let S and T be two distinct Cl-sets of X . Then T is entirely 
contained in a unique connected component of Ys ■ 

Proof. Recall that Ys has connected components, all free from separating nodes. 
By Fact 12.1.^ the set T is contained in the singular locus of Yg. Let ni,n2 G T, 
and let X* and Yg be the normalizations at ui of, respectively, X and Ys. By 
Fact I2.1.3t[ 5]) 712 is a separating node of X* and hence of Yg . Since Ys has no 
separating node we get that ni belongs to the same connected component as 712. I 

In the next Lemma we use the notations of 12.1.21 and l2.2.11 

Lemma 2.2.3. Let T be an oriented connected graph free from separating edges. 
Then the inclusion iJi(r,Z) C Ci(r,Z) factors naturally as follows 

Hi{r,z)^ ffi(r(5),z) Ci(r,z) 

SGSctir 

where the graphs T{S) have the orientation induced by that ofT. 

Proof. Let S G Set^F and consider the natural map cts : F — ;> T{S) contracting all 
edges not in S. Recall that F(S') is a cycle whose set of edges is S. By Fact 12.1.51 
we have the following commutative diagram with exact rows 

(2.4) ^ Ci(F \ S, Z) ^ Ci(F, Z) ^ Ci(F(5), Z) ^ 







Hi(F\S',Z) 



Hi(F,Z) -A Hi{r{S),Z) ^0 
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where F \ S" C F is the subgraph obtained by removing S from E{T). We claim 
that we have the following commutative diagram 

(2.5) i/i(F,Z)C ^®ses.t^rHi{r{S),Z) 

P P 

Ci(F,Z) 3©seSctirC^i(r(5),Z) 

where the vertical arrows are the usual inclusions. The bottom horizontal arrow is 
the obvious map mapping an edge e e E{T{S)) — S C -E(F) to itself. It is injective 
because two different Cl-sets of F are disjoint fbv 12.1.31) (and surjective as F has 
no separating edges). Finally, the top horizontal arrow is the sum of the maps 
as* defined in the previous diagram; it is injective because the diagram is clearly 
commutative and the other maps are injective. I 

2.3. Gluing points and gluing data. Let X be such that Xscp = 0, and let 
S G Set^X be a Cl-sct of cardinality h. The partial normalization Ys of X at 5 
has a decomposition Ys — u'^^j^Ys.i, with Ys^i connected and free from separating 
nodes. We denote by Yg^ the normalization of Ys,i. We set 

(2.6) Gs := i^-^S) C X". 

Each of the connected components Ys.i of Ys contains exactly two of the points in 
Gs, let us call them pi and qi. This enables us to define a unique fixed-point free 
involution on Gs, denoted (.5, such that ls exchanges pi and qi for every I < i < h. 

The involutions l-s a-nd the curves Yg^ are the same for Cl-equivalent curves, by 
the next result. 

Lemma 2.3.1. Let X be free from separating nodes. The data of X'^ and of the 

sets Gs C X"^ for every S £ Set^X uniquely determine the curves Yg ^ C X^ and 
the involution is, for every S e Set^X. 

Proof. Pick a Cl-set S and let h = #5*. Denote Gs '■= {^i, . . . , r2;i} and Ys = 
YS^lYi. We have 

(2.7) #Gs r^Y•: = 2 

for every i. Consider the point ri and call Yi the component containing it. Let us 
show how to reconstruct Y^ . Let Ci C X'^ be the irreducible component containing 
n ; of course Ci C Y^ . 

Now, by Lemma [2.2.2[ for every T £ Sei^X such that S ^T, we have that if 
Gt n Ci ^ then T is entirely contained in the singular locus of Yi . In particular 
every irreducible component of intersecting Gt is contained in Yi . Define the 
following subcurve Zi of X" = Ud 

Zi := Ci U ]J 

CinGT/0,CinGT#0 

We now argue as before, by replacing Ci with Zi. We get that if X has a Cl- 
set T ^ such that Gt intersects Zi, then again T C (yi)sing; therefore, by 
Lemma [2.2.21 every component of X'^ intersecting Gt is contained in Y^ . We can 
hence inductively define the following subcurve of Y^ . We rename Zq Ci, next 
for n > 1 we set 

Zn ■= Zn-l U Ci. 

CinGT5^0,z„-inGT#0 

Since all of the nodes of Yi belong to some Cl-set of X, for n large enough we have 
Zn = Zn+1 = ■ . . = Yi . Hence Y^ is uniquely determined. Now, by (|2.7p we have 
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that Y^nGs = {ri, rj} for a unique j ^ 1; therefore we must have is{i~i) = fj- This 
shows that the curves Yg^ are aU determined, and so are the involutions is- B 

2.3.2. Gluing data of X . By Lemma 12.3.11 if X and X' are Cl-equivalent for 
every pair of corresponding Cl-sets S and S' the isomorphism between their nor- 
mahzations preserves the decompositions Ys = UiLi and Yg, = Ui^iYg, ^, 
as well as the involutions ls and ls'- What extra data should one specify to re- 
construct X from its Cl-equivalence class? We now give an answer to this ques- 
tion. Fix S e Set^X, let h = #S and Ys = \l\Yi. By Lemma EXTI the Cl- 
equivalence class of X determines the involution ig of Gs- This enables us to write 
Gs = {pi, gi, . . . ,Ph,qh} with pi, qi e Y^". Of course this is not enough to deter- 
mine how Gs is glued on X. To describe what is further needed, we introduce an 
abstract set of cardinality 2h, denoted Gh = ■ • ■ ,Sh,th}, endowed with the 

involution defined by ih{si) = ti for every 1 < i < h. 

Pick either one of the two cyclic orientations of rx(>S'). We claim that the gluing 
data of Gs determine, and are uniquely determined by, the following two items. 

(1) A marking ips '■ {Gh, t-h) {Gs, '-s), where ips is a bijection mapping the 
(unordered) pair {si,ti) to the pair {pi,qi). 

(2) A cyclic permutation on {1, ... , h}, denoted by as, free from fixed points. 
Indeed the points ips{si) and ips{ti) correspond, respectively, to the sources and 
targets of the orientation of Tx{S); the permutation as is uniquely determined by 
the fact that the point V's(si) is glued to the point ^s{ias(i))- The opposite cyclic 
orientation of Tx {S) corresponds to changing 

(2.8) {as,^s)^{<ys^,i^so^h); 

the above transformation defines an involution on the set of pairs {as, ips) as above. 
We call the equivalence class [{as,ips)], with respect to the above involution, the 
gluing data of 5 on X. 

Conversely, it is clear that a nodal curve X is uniquely determined, within its 
Cl-equivalence class, by an equivalence class [{as, ips)] for each Cl-set S G Set^X. 
In fact, X is given as follows 

^ 

lJseSotix{V's(si) = 1ps{tas{^)) : 1 < * < #5'} ■ 
The previous analysis would enable us to explicitly, and easily, bound the car- 
dinality of any Cl-equivalence class. We postpone this to the final section of the 
paper; see Lemma FS.l.GI 

2.4. Dual graphs of Cl-equivalent curves. In this subsection, we shall prove 
that two Cl-equivalent curves have cyclically equivalent dual graphs. As a matter 
of fact, we will prove a slightly stronger result. We first need the following 

Definition 2.4.1. Let F and F' be two graphs free from separating edges. We 
say that F and F' are strongly cyclically equivalent if they can be obtained from 
one another via iterated applications of the following move, called twisting at a 
separating pair of edges: 




Figure 1. A twisting at the separating pair of edges {ei, 62}. 
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The above picture means the fohowing. Since (61,62) is a separating pair of 
edges, we have that F \ {ei, 62} has two connected components, call them Ta and 
Ff,. For i = 1,2 call vf (resp. v^) the vertex of F^ (resp. of Ff,) adjacent to e^. 
Then F' is obtained by joining the two graphs F^ and Ff, by an edge e[ from to 
V2 and by another edge e'2 from V2 to v^. Notice that if = and — our 
twisting operation does not change the isomorphism class of the graph. 

Remark 2.4.2. If F and F' are strongly cyclically equivalent then they are cyclically 
equivalent. 

This is intuitively clear. A cyclic bijection E{T) — ^ E{r') can be obtained by 
mapping every separating pair of edges at which a twisting is performed to its 
image. To check that this bijection preserves the cycles it suffices to observe that if 
two edges form a separating pair then they belong to the same cycles. Alternatively, 
the twisting at a separating pair of edges is a particular instance of the so-called 
second move of Whitney, which does not change the cyclic equivalence class of a 
graph (see |Whi33j ). 

Proposition 2.4.3. Let X and X' he free from separating nodes and CI- equivalent. 
ThenTx andVx' are strongly cyclically equivalent (and hence cyclically equivalent). 

Proof. By the discussion in 12.3.21 it will be enough to show that for every Cl- 
set S G Set^X, any two gluing data associated to S can be transformed into one 
another by a sequence of edge twistings of the type described in 12.4.11 Moreover, 
it is enough to consider one Cl-set at the time, in fact by 12.2.21 the twisting at a 
separating pair of edges {61,62} belonging to S £ Set^X does not affect the gluing 
data of the other Cl-sets. 

So let us fix S" G Set^'^X of cardinality h and let [(o's,'0s)] be the gluing data of 
S on X. We consider two types of edge-twisting, as in 12.4. II 

(a) Fix a component Yj of Yg, exchange the two gluing points lying on Yj, 
■05 (sj) and ips{tj), and leave everything else unchanged. On Tx this op- 
eration corresponds to a twisting at the separating pair of edges of S that 
join Fy-j. with Fyg-^y^. (both viewed as subgraphs of Tx). The gluing data 
are changed according to the rule 

[{<Js,ips)] ^ [(c^SiV's °invj)], 

where invj is the involution of {si, ti, . . . , Sh, th} exchanging Sj with tj and 
fixing everything else. 

(b) Fix a connected component Yj of and an integer 1 < a < h — 1. Consider 
the curve 

z = y,1[y,,u)]1---UY'^sU)^Ys. 

Now change the gluing data between Z and Ys \ Z hy exchanging the two 
points of Z that are glued to Ys \ Z, and leaving everything else unchanged. 
On Fx this operation corresponds to a twisting at the separating pair of 
edges of S that join Tz to Fy^^^. The gluing data are changed according 
to the rule 

[{crs, V's)] ^ [(T,-,a oaso Tj-^^^s ° invj,a)], 
where Tj^q is the element of the symmetric group Su defined by 

0<b<La-l/2j 

and invj^a is the involution of {si, ti, . . . , su, th] that exchanges Sk with tk, 
for all k = j, (Ts(j)i ■ • • i "■5(^)1 a-nd fixes all the other elements. 
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The proof consists in showing that all the possible gluing data of S can be 
obtained starting from [{crs,i^s)] and performing operations of type (a) and (b). 

First of all observe that, by iterating operations of type (a), it is possible to 
arbitrarily modify the marking V's, while keeping the cyclic permutation as fixed. 

On the other hand, using the fact that any two cyclic permutations of the sym- 
metric group Sh are conjugate, and that Sh is generated by transpositions, it will 
be enough to show that for any transposition (jk) ^ Sh, by iterating operations of 
type (b), we can pass from the gluing data [(erg, V's)] to gluing data of the form 
[((jk) o (Tg o (jk)~^ ,ip'g)] for some marking tjj'g. If the transposition (jk) is such 
that k — as(j) (resp. k = (t|(j)), then it is enough to apply the operation (b) 
with respect to the component Yj and the integer a ~ 1 (resp. a = 2). In the 
other cases, we can write k = o'g(j) with 3 < a < h — 1 and then we apply the 
operation (b) two times: first with respect to the component yo-sO) and the integer 
a — 2; secondly with respect to the component Yj and the integer a. After these 
two operations the cyclic permutation as gets changed to (jk) o as o (jk)~^ since 

(jk) = (j(rs(j)) = Tj,a O T^sU),a^2- 



3. T-EQUIVALENCE: A SECOND VERSION OF THE TORELLI THEOREM 

3.0. 4. The statement of Theorem 12.1.71 characterizes curves having isomorphic 
ppSSAV in terms of their normalization, and of the Cl-partition of their glu- 
ing points, determined by the codimension-one strata of the compactified Picard 
scheme. 

In this section we shall give a different characterization, based on the classifying 
morphism of the generalized Jacobian. From the general theory of semiabelian va- 
rieties, recall that the generalized Jacobian J(X) of a nodal curve X is an extension 

7 

1 H\Tx,k*) = G^i/rx) ^ j^x) J(X-) = X{J(C,) ^ 

(recall that Uj^-^Ci — X'^ \s the normalization oi X). The above extension is 
determined by the so-called classifying morphism, from the character group of the 
torus H^(Tx, k*), i.e. from Hi(Tx,'^), to the dual abelian variety of J(X'^). Since 
J(X'') is polarized by the Theta divisor, its dual variety can be canonically identified 
with J(X''') itself. So the classifying morphism in our case takes the form 

cx ■■ Hi(rx,z) ^ J(xn- 

This morphism cx will be explicitly described below. We shall use the groups of 
divisors and line bundles having degree on every component: 

7 7 

]^Div"Ci = Div^X" — ^ Pic^X" = Y[Pic"a ^ J(X''). 

i=l i=l 

3.1. Definition of T- equivalence. 

3.1.1. Fix an orientation of Tx and consider the source and target maps 

s,t:E(rx)^V(Tx). 

Now, s(e) and t(e) correspond naturally to the two points of X'^ lying over the node 
corresponding to e. We call Se,te S X" such points. The usual boundary map is 
defined as follows 



d : Ci(rx, Z) ^ Co(rx,Z); t(e) - s(e) 
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and Hi{Tx,'^) ~ kerd. We now introduce the map 

: Ci(rx,Z) ^Div°X''; e^te^s^. 

We will denote by rjx the restriction of rfx to Hi {Tx , , which is easily seen to take 
values in the subgroup, Div^X"^, of divisors having degree on every component. 
Summarizing, we have a commutative diagram 

Hi{rx,z)^^mY^x- 



Ci(rx,z) 



Vx 



Div" X'- 



The classifying morphism cx ■ Hi{Tx, 
composing the homomorphisni rjx ■ Hi (Tx , 



JiX") of J{X) is obtained by 
Div-X'^ with the quotient map 



Div^X"^ ^ Pic^X^ = JiX") sending a divisor to its linear equivalence class. See 
|Alen4l Sec. 2.4] or [BnOTl Sec. 1.3]. 



3.1.2. Recall the set-up and the notation described in 13.0.41 There are auto- 
morphisms of Pic-X"^ and Div-X"^ that do not change the isomorphism class of 
J{X). We need to take those into account. In order to do that, consider the 
group := (Z/2Z)'''; note that it acts diagonally as subgroup of automorphisms, 
Aut(Div^X'^), Aut(DivX''), and Aut(Pic^X'^), via muhipli- 

cation by -1-1 or —1 on each factor. We shall usually identify with the image of 
the above monomorphisms. 

For example, if X" = Ci U C2 then K2 C Aut(Div-X'') is generated by the 
involutions (1)1,1)2) ^ {-Di,D2) and {Di,D2) ^ (Di,-D2). 

Definition 3.1.3 (T-equivalence) . We say that two nodal connected curves X and 
X' arc T-equivalent if the following conditions hold. 

(a) There exists an isomorphism (f> : X'^ ^ X'^ between their normalizations. 

(b) Tx =cyc Tx'. 

(c) For every orientation on Fx there exists an orientation on Fx' and an auto- 
morphism a G K-y C Aut(Div-X'^) such that the following diagram commutes 



Hi{Tx,I^) 



Hi{Tx',Z) 



Vx 



Ix' 



Biv^X" 



■ Div^X''' 



where en is defined in 11.2.21 and (j)D '■ Div-X"^ — > Div-X"' is the isomorphism 
induced by (p. 

We say that two non connected nodal curves Y and Y' are T-equivalent if there 
exists a bijection between their connected components such that every two corre- 
sponding components are T-equivalent. 



We shall prove in 13.2.11 that two curves free from separating nodes are T- 
equivalent if and only if they are Cl-equivalent, thereby getting a new statement 
of Theorem l2.1.7l We first need some observations. 

Remark 3.1.4. Let X and X' be T-equivalent and free from separating nodes. Then 
part (jg) of the definition implies that 

where X" X and X'" X' are the normalization maps. 
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Remark 3.1.5. Suppose that Tx and Tx' are cyclically equivalent and fix a cyclic 
bijection e : E{Tx) ^ E{Tx')- By |CV09[ Cor. 2.3.5], e induces a bijection from 
the Cl-sets of X to those of X', mapping S to e{S). For this bijection we shall 
always use the following notation 

Sct^X Sct^X'; S ^ S'. 

Lemma 3.1.6. Let X and X' be T-equivalent connected curves, free from separat- 
ing nodes; pick a pair of corresponding Cl-sets, S £ Set^X and S' £ Set^X'. Then 
the normalization of X at S is T-equivalent to the normalization of X' at S' . 

Proof. Let Y be the normalization of X at S" and Y' the normalization of X' at 
S' . It is obvious that Y and Y' have isomorphic normalizations. Observe that 
= \ and Ty = Tx' \ S' . The bijection e : E{Tx) E{Tx') maps the 
edges of S to the edges of S'; hence it induces a bijection ey ■ E{Ty) i?(ry/). To 
see that ey induces a bijection on the cycles it suffices to observe that the cycles of 
Ty — Tx \ S are precisely the cycles of Tx which do not contain S (by Fact 12.1.31) , 
and the same holds for Y'. Therefore Ty and Tyi are cyclically equivalent. 

Finally, let us pick an orientation on Ty and extend it to an orientation on Tx- 
The map rjy naturally factors 

rjY : HiiTx \ S,Z) ^ Hi{Tx,I') ^ Div^X''. 

Choose an orientation on Tx' so that condition (jg) holds. Then we have a commu- 
tative diagram 

7]y : Hi [Ty , Z)C ^ Hi {Tx , Z) Biv^X'' 



rjy,:Hi (Ty, , Z)C ^ Hi (Tx' , Uw^X''' . 

This proves that condition (jg) holds for Y and Y' , so we are done. ■ 
3.2. Cl-equivalence equals T-equivalence. 

Proposition 3.2.1. Let X and X' be connected curves free from separating nodes. 
Then X and X' are T-equivalent if and only if they are CI- equivalent. 

Proof. Suppose that X and X' are T-equivalent. Then property of Defini- 
tion [^713] obviously holds. Let us simplify the notation by identifying X'^ = X"^. 
Since the dual graphs of X and X' are cyclically equivalent, we have a cardinality 
preserving bijection between the Cl-sets of X and X', by Remark 13.1.51 To prove 
part IH]) of Definition [2TT5] let S, S' be any pair as in 13.1.51 and denote, as usual, 

Gs:=i''\S)cX'' and Gs' := i^'^^S) C X" . 

We must prove that Gs = Gs' ■ Since X and X' are T-equivalent, by Remark 13.1.41 
the gluing sets are the same: 

(3-1) Gx..^,^Gxu^^. 

Let Y be the normalization of X at 5* and Y' the normalization of X' at S". By 
Lemma [3.1.61 Y and Y' are T-equivalent. Now, the normalization of Y and Y' is 
X'^ , and by Remark |3 . 1 .41 applied to Y and Y' we obtain 

(3.2) Gy,„^ = Gy, C X'^. 

sing gjj^g 

Now, it is clear that Gs = Gx^ins ^ ^^sing ^S' = Gx'. \ Gy . Therefore by 
(|3.ip and p.2p we get Gs — Gs' as wanted. 

Conversely, assume that X and X' are Cl-equivalcnt. Bv 12.4.31 their graphs are 
cyclically equivalent. Let us identify X'^ ~ X"^, so that by hypothesis Gs = Gs' 
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for every pair of corresponding Cl-sets. It remains to prove that property (jnj) of 
Definition 13.1.31 holds. 

We begin with a prehminary definition. From [3T!2l recah that the group K-^ = 
(Z/2Z)''' acts as subgroup of automorphisms of DivX"^ = 117=1 ^i"^^*' ^he 
natural diagonal action defined in 13.1.21 (so that any a e acts on each Div Ci 
either as the identity or as multiplication by —1). For every S £ Set^X denote as 
usual Yi, . . . ,Yfi the connected components of Ys and let Y^" be the normalization 
of Y,. We have Aut(DivX'^) = Hti Aut(Div Y^"); we define a subgroup of 

K^(5) {a e K.., C Aut(DivX'^) : a|Divyr = ±1}- 

Let S and S' be corresponding Cl-sets, as above. Let F — Fx and F' = Tx'- The 
graphs F(S') and F'(S") are cycles of length h — #5* = #5", whose sets of edges are 
naturally identified with S and S' respectively. Hence there is a natural inclusion 
Ci(F(S'),Z) C Ci(F,Z); ditto for S' . Set (notation in lXTT]) 

r]{S) :=^|p^(p(5)) :Ci(F(5)) -^Div^X"^ cDivX''; e ^ - Se 

(where above and throughout the rest of the proof we omit Z). For any orientation 
on T{S) we let r]{S) be the restriction of 7/(5*) to Hi{T{S)) 

(3.3) m\HAT(S)) = V{S) : H,{r{S)) DivX^ 

We define 77(5") : i/i(F'(S")) Div X'' analogously. Let us describe 7^(5) and7;(5'). 
As T{S) is a cycle for any choice of orientation we have a choice of two generators of 
Hi{r{S)) ^ Z. We pick one of them and call it cs. Write Gs = {pi,qi; . . . ;ph, Qh} 
as in (|2.3.2p . Up to reordering the components Yi, . . .Yh and switching pi with qi 
we may assume that 

h 

(3.4) v{S){cs) = Y.^q:-p^)- 

i=l 

Notice that the choice of orientation is essentially irrelevant: for any orientation 
and any generator 'cs of fl"i(r(S')) we have that r]{S){cs) = ± J2'i=iili ~ Pi)- 

Similarly, make a choice of orientation for F'(S") and pick a generator cs' of 
ifi(r'(5")). Then one easily checks that there exists a partition {1, . . . , /i} = FUG 
in two disjoint sets, F and G, such that we have 

(3.5) viS')ics') - J2^q^-P^) + - 90- 

Let a{S) G K-y(S') C Aut(DivX'') be the automorphism whose restriction to 
DivFj'' is the identity for i € F, and it is multiplication by —1 for i G G. Now let 

be the isomorphism mapping cs to cs'- By construction ri{S) = ceiS) 077(6") oe(S'), 
i.e. the map ri{S) factors as follows 

(3.6) r,iS) : Hi{T{S)) ^ Hi{T{S')) Biv X" Diy X" . 

We repeat the above construction for every pair of corresponding Cl-sets {S, S'). 
Using Lemma 12.2.31 and (j3.3p we have 

Vx ={'S>s€Sct^x v{S))\Hi{r) ™^ Vx' ={®s'esct^x' v{S'))\Hiir')- 
Now let 

a := Yl a{S) G 

SeSet^X 
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where the product above means composition of the a{S) is any chosen order. We 
claim that for every fixed S eSet^X we have 

aoTj{S')^±a{S)ojj{S'). 

Indeed, by 12.2.21 for any T e Set^X, with T ^ S, S is entirely contained in the 
singular locus of a unique connected component of Yt, call it 1t,i- Therefore the 
gluing set Gs' = Gs is entirely contained in Y^ ^. By definition, a(T) acts either as 
the identity or as multiplication by —1 on every divisor of supported on Y^ 
in particular a{T) acts by multiplication by ±1 on ri(S'){cs')- The claim is proved. 
As a consequence of this claim and of 13.61 we have 

aoTj{S')oe{S) = ±T]{S). 

Now, if for a certain S the above identity holds with a minus sign on the right, we 
change e(5) into —£(5*), but we continue to denote it e{S) for simplicity. 

Using again Lemma r2.2.3l we let ex '■ Hi{r) ^ Hi{r') be the restriction to i?i(r) 
of the isomorphism 

ffisGSotijf ■ ©seSctir 

iJi(r(5)) ^ ©5,esctir'i?i(r'(5')). 

It is trivial to check that ex is an isomorphism. In fact by the proof of Proposi- 
tion [533] it is clear that ex induces the given bijection between the Cl-sets of X 
and X' . Combining and concluding, we have a a commutative diagram 

(3.7) r/x : i/i(r)C i/i(r(5))---^DivX'^ 



Vx' ■■ H,{rr -®s'esctir'ffi(r'(^')f— DivX^ 



so we are done. 



4. Proof of the Main Theorem 

The hard part of the proof of Theorem 12.1.71 is the necessary condition: if two 
stable curves with no separating nodes have the same image under the Torelli 
map, then they are Cl-equivalent. The proof is given in Subsection 14.31 using the 
preliminary material of Subsections 14. II and 14.21 The proof of the converse occupies 
Subsection Ol 

4.1. Combinatorial preliminaries. In this subsection we fix a connected curve 
X free from separatig nodes, and study the precise relation between the posets 
STx and SVx, defined in Subsection l2.1l 

We will prove, in Lemma 14.1.61 that the support map Supp^ : STx ^ SVx 
is a quotient of posets, that is, given S', T e SVx we have S* > T if and only if 
there exists P§ and in STx such that > Pf. In particular, the poset SVx 
is completely determined by STx- This fact will play a crucial role later on, to 
recover the combinatorics of X from that of Px~^ ■ 

We shall here apply some combinatorial results obtained in |CV09) , to which we 
refer for further details. First of all, observe that the poset SVx can be defined 
purely in terms of the dual graph of X. Namely SVx is equal to the poset SVtx ; 
defined in [(JVOQI Def. 5.1.1] as the poset of aU S c E{Tx) such that Fx \ S" is 
free from separating edges, ordered by reverse inclusion. 

Next, we need to unravel the combinatorial nature of STx] recall that its ele- 
ments correspond to pairs, {S,d} where S G SVx and d is a stable multidegree on 
the curve Ys- Now, it turns out that stable multidegrees can be defined in terms 
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of so-called totally cyclic orientations on the graph Tx- To make this precise we 
introduce a new poset, OVr (cf. |CV09[ Subsec. 5.2]). 

Definition 4.1.1. If F is a connected graph, an orientation of F is totally cyclic if 
there exists no proper non-empty subset W C V^(F) such that the edges between 
W and its complement V{T) \W go all in the same direction. 

If F is not connected, an orientation is totally cyclic if its restriction to each 
connected component of F is totally cyclic. 

The poset OVr is defined as the set 

OVr ~ {(f>s : 0s is a totally cyclic orientation on T \ S, E SVr} 
together with the following partial order: 

4>s ^ 4>T ^ S <ZT and 0t = {<t>s)\r-^T- 

Remark 4.1.2. It is easy to check that if F admits some separating edge, then F 
admits no totally cyclic orientation. The converse also holds (see loc. cit). 

4.1.3. Relation between OVrx ^''^d, STx- How is the poset of totally cyclic ori- 
entations related to the poset STx'^ This amounts to ask about the connection 
between totally cyclic orientations and stable multidegrees, which is well known to 
be the following. 

Pick Ys and any totally cyclic orientation (ps on Fy^ = F \ 5; for every vertex 
Vi call d^{(j)g)y^ the number of edges of F \ 5 that start from Vi according to (ps- 
Now we define a multidegree d{4)s) on Ys as follows 

(4.1) d{(j)s)vr-^ 9^-'^ + d+{(j)s)v,, i = l,...,7, 

where gi is the geometric genus of the component corresponding to Vi. Now: 

A multidegree d is stable on Yg if and only if there exists a totally cyclic orien- 
tation ips such that d = d{(j)s) (see |B77[ Lemma 2.1] and |Cap07[ sec. 1.3. 2]). 

Obviously, two totally cyclic orientations define the same multidegree if and only 
if the number of edges departing from every vertex is the same. We shall regard 
two such orientations as equivalent: 

Definition 4.1.4. (The poset OVr-) Two orientations (ps and (pT of OVr are 
equivalent if = T and if d~^{(f>s)v — d^{(j)T)v for every vertex v of F. The set 
of equivalence classes of orientations will be denoted by OVr- The quotient map 
OVr OVr induces a unique poset structure on OVr, such that two classes 
[4's], [4't] G OVr satisfy [(ps] > [</'t] if there exist respective representatives (ps and 
(pT such that (j)s > (pT in OVr- 

The above definition coincides with |CV091 Def. 5.2.3]. 

We shall soon prove that there is a natural isomorphism of posets between OVrx 
and STrx- Before doing that, we recall the key result about the relation between 
OVrx and SVrx ■ 

Fact 4.1.5. Let T be a connected graph free from separating edges; consider the 
natural maps 

Suppr : OVr OV^ ^"^^ SVr 
(ps [(ps] ^ S. 

(1) The maps Suppp and Suppp are quotients of posets. 

(2) The poset SVr is completely determined, up to isomorphism, by the poset 
OVr (and conversely). 
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By |CV09[ Lemma 5.3.1] the map Suppp is a quotient of posets, hence so is 



Suppp (as OVr OVr is a quotient of posets by definition). Part ^ is the 
equivalence between (in) and (v) in |CV091 Thm 5.3.2]. 



Now, as we explained in 14.1.31 to every 05 e OVvx can associate a stable 
multidegree d{(j)s) of Ys (see (j4.ip ): moreover two equivalent orientations define the 
same multidegree. This enables us to define two maps, stx and stx, as follows 



(4.2) 



stx ■■ OVr, 



OVi 



Pi 



STx 

d(<}>s) 



(ps ^ [(psl ^ ^ s 
Lemma 4.1.6. Let X be connected and free from separating nodes. Then 

STx 'is an isomorphism of posets; 



(1) the map stx '■ OVtx 

(2) there is a commutative diagram 



(4.3) 



OV 



stx 



STx 



Suppp 




Supp^ 



where every map is a quotient of posets. In particular the poset SV x is 
completely determined (up to isomorphism) by the poset STx- 



Proof. The maps stx and stx are surjective by what we said in 14.1.31 Moreover, 
by [Cap94, Prop. 5.1], they are morphisms of posets. From the definitions (|4.ip 
and l4.1.H it is clear that stx is bijective, and hence an isomorphism of posets. 

The commutativity of the diagram is clear by what we said above. Finally, by 
Fact l4.1.5ip ]) we know that OVtx completely determines SVx as poset, hence part 
^ follows from part ■ 

4.2. Recovering gluing points from the Theta divisor. 



Lemma 4.2.1. Let Pg be a codimension- 1 stratum of P^ and let h be the number 
of irreducible components of Q{X) Ci P^. Then S is a Cl-set of cardinality h. 

Proof. We have already proved most of the statement in 12.11 The only part that 
needs to be justified is the one concerning Q{X). Bv l2.2.1l everv connected compo- 
nent of Is has positive genus. Now, according to Fact ll.2.T0l iii). the number h of 
irreducible components of Q{X) n Pg is equal to 75 = #5*. ■ 

4.2.2. The following set-up will be fixed throughout the rest of this subsection. X 
is a stable curve of genus g, Xscp = 0, and S e Set^X is a Cl-set of cardinality h. 
As usual i^s ■ Ys ^ X denotes the normalization at S. We have Ys = UiLi Y^i, with 
Yi connected, of arithmetic genus gi > 0, free from separating nodes. The gluing 
set of vs is denoted {pi,qi, . . . ,ph,qh} with i^siPj) = ^siqj+i) and pj^qj G Yj. 
The pull-back via the partial normalization vs induces an exact sequence 







k* -> PicX --^ Pic is = HPicF, ^ 0. 



In the following statement we use notation (|1.4p . 
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Lemma 4.2.3. Fix d £ Let M a general line bundle in Pic-Ys, Mi :— M^Yi 

and di := deg M, . Let yi be a fixed smooth point of Yi. Then for i = 1, . . . , the 
following properties hold. 

(i) h°{Yi,Mi) = 1 (hence h°{Ys,M) = h). 

(a) Set dii—Vi) :— degM,f— t/,). Then di{—yi) is semistable. 

(Hi) Mi does not have a base point in yi (i.e. h^ (Yi, AIi{—yi)) = 0). 

(iv) The restriction of the pull-back map, Vg : Wd{X) — > Pic-lsi is birational. 

(v) dim W^J. (Yi) < gi — 2 for every 1 <i < h. 

(vi) For any point pk, define 

{ ^ h^\Ys,M{~pk))^h and \ 

Define Tq^. by replacing pk with qk and qj with pj in |^.^[ ). Then 

h 

Fic^Fs \ i^siWdiX)) = U (T,, U r,J. 

k=l 

Proof. Since d is stable, Theorem 3.1.2 of |Cap07| yields that Wd{X) is irreducible 
of dimension g — 1. 

For any M € FicFs we set Fm{X) := {L G FicX : v*L = M} = k*. 

To prove Q, observe that the stability of d yields deg(Mi) = gi. Therefore the 
theorem of Riemann-Roch gives h°{Yi,Mi) > 1. Suppose, by contradiction, that 
h°{Yi,Mi) > 1 for some i. Then h^{Ys,M) = ^^^^ h"{Y„M,) > /i + 1 for every 
M e Fic^ys- 

This implies that Fm{X) C Wd{X) (indeed there are at most h conditions on 
the global sections of M to descend to a global section of a fixed L £ Fm(X)). 
Therefore 

h 

dim Wd{X) = dim Fic^^ Fs + 1 = ^ .g^ + 1 = .9 

a contradiction. This proves 

For ^ and set ~ di_{—yi); observe that = gi — 1. Let Z cYihe 
a subcurve of Yi and let Z := v{Z) C X. Then, of course, gz < ffg- Denoting 
d'i z = the total degree of d- restricted to and by d^ — jd^j, we have 



^2 > .gf > gz if 2/i ^ z, 

dz - ^ > Oz " ^ ^ 9z - i if 2/i e Z, 

where we used that d^ > g^ {d is stable). So ([n]) is proved. We can therefore use 
a result due to A. Beauville f |B77j . see also Froposition 1.3.7 in |Cap07| ), stating 
that every irreducible component of Wd^'iYi) has dimension equal to — 1, and in 

particular that Wd.'(Fi) ^ Fic^' (Y,). Therefore for the general M £ Fic^(rs), we 
have that h'^(Yi, Mi{—yi)) = and this proves part 

In order to prove ([Iv]), we need to make the isomorphism F^jiX) = k* explicit. 
Any c G k* determines a unique L'^ 6 Fm{X), defined as follows. For every 
j — 1, . . . ,h consider the two fibers of M over pj and qj+i (with qn+i = qi as usual, 
recall that z/5 glues pj with qj+i) and fix an isomorphism between them. Then 
L'^ 6 Fm{X) is obtained by gluing Mp. to Mq.^-^ via the isomorphism 

iMp^^Mq^^, for j = l,...,/i-l, 

1 Mp, 4 Mq, 
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where the last isomorphism is given by multiphcation by c. Conversely, every 
L G Fm{X) is of type L^, for a unique c G k* . 

Now, by (0) we known that a general M G Pic-(Xs) does not belong to Wj'(Fs), 
i.e. we have h^iYi^Mi) = 1 for all i = 1, . . . Take a generator, call it a^, of 
H'^{Yi,Mi) and set a\ := ai{pi) and of :— ai{qi). A section a = ^^iCtj S 

i/°(ls, M) descends to a section of L'^ G FM(-'f) on X if and only if it verifies the 
following system of equations: 

J Xiflf = a{pi) = aiqi+i) = x^+iaf^^^ for 1 < « < /i - 1, 

1 cxhfl^ = ca(ph) = r{qi) = xia^J. 



(4.5) 



The above system of h equations in the h unknown xi, . . . ^Xh admits a non-zero 
solution if and only if the determinant of the associated matrix is zero, that is if 
and only if 

(4.6) c.f[a^^f[al 



i=l 2=1 



Since a general M G Pic-(Fs) verifies and a' 7^ for every i (by part dm])), 
the above equation has a unique solution c and therefore Fm{X) has a unique point 
in WdiX). This proves (©, since dimWdiX) = dimPic^^(Fs) =g~l. 

Now we prove (jvj. The fiber of the birational map : Wd{X) Pic^l^ over 
Wll{Ys) has dimension 1; hence, as Wd{X) is irreducible of dimension 
we have dimW^iYs) < E^=l9^ " 2. Since W^iY) = [jtii^^)~HWl{Y,)) , where 
TTi : Pic-(Fs) Pic^^(yi) is the projection, we deduce that dimW^^{Yi) < gt ~ 2. 
Finally (jvl]). As observed before, we have 

Fic^Ys \ iy*s{Wd{X)) c Pic^^ls \ W^iYs). 

With the above notation, a line bundle M G Pic-15 \ Wll{Ys) does not belong to 
1/* {Wd{X)) if and only the equation (|4.6I) does not admit a solution c ^ k* . This 
happens precisely when either = for at least one k and a' 7^ for any i, or if 
= for at least one k and 7^ for any ?. These conditions are easily seen to 
be equivalent to the fact that M G HkiTp^^ ^TqJ. ■ 

Proposition 4.2.4. Let X be such that X^ep = 0; pick S G Set^X and d G ^{X). 
The image of the pull-hack map v*g : Wd{X) — > Pic-ls uniquely determines Vg^iS), 
the gluing set 0/ vs ■ 

Proof. Denote Vic-Ys \ v^WdiX)) = Ti IJTa where, using Lemma dxil) we 
have 

(4-7) Tii^utiT,,, T2:=utir,,, 

for some set {pi, . . . gi, . . . , g/i} which we must prove is uniquely determined, 
up to reordering the pi (or the qi) among themselves. Notice that, for any such 
set, two different points Pk,Pj he in two different connected components of Xsi and 
the same holds for any two qk , qj ■ Therefore Ti and T2 are connected; on the other 
hand they obviously do not intersect, therefore they are determined. It thus suffices 
to prove that Ti (and similarly T2) determines a unique set of h smooth points of 
Ys such that Ti is expressed as in (|4.7p . 

We begin with a preliminary analysis. Pick any smooth point of Is, let Yk be the 
connected component on which it lies, name the point yk, for notational purposes. 
By Lemma r4.2.3tpl)) the multidegree d'j, :— d^i—yk) is semistable on Yk. Therefore 
we can apply Proposition 3.2.1 in |Cap07| . This yields that Wd'^(Yk) contains an 
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irreducible component (of dimension — 1) equal to the image of the dj,-th Abel 
map; we call this component. We also have (by loc. cit.) that does not have 
a fixed base poiniQ, and that hPiYk^L) = 1 for the general L & Ak- 
We can thus define an irreducible effective divisor, as follows 

Dy, ~ {M e Fic^Ys I Mki~yk) e A^}. 

Observe that Dy^, has no fixed base point other than y^. Indeed, let M G Dy^ be 
a general point. If j 7^ fc then Mj is general in Pic^j Yj, hence bv 14.2.31 Mj has 
no fixed base point and h'^(Yj,Mj) — 1. On the other hand Mk varies in a set of 
dimension gk — 1, therefore h'^{Yk, Mk) = 1 bv l4.2.3ff v]). Therefore, if every Alk had 
a base point in r 7^ y^, we would obtain 

(4.8) 1 = h^iMk) = h°{Mk{^yk)) = /i°(Affe(-r)) = /i°(Affe(-?A - r)). 

But Mk{—yk) G Ak^ so every element of Ak would have a base point in r, which is 
not possible (see above). 

Summarizing, the general M G Dy^ satisfies the following properties 

{ft.°(Y,-,Mj) = l for any j = 

h\Ys,M)^h''{Ys,M{~yk)) = h 
h°{Ys, M{-r)) < h°{Ys, M) Vr ^ yk smooth point of Ys- 

Now, back to the proof of the proposition; it suffices to concentrate on Ti. By 
contradiction, suppose there are two different descriptions for Ti as follows 

h h 

we may assume pi ^ {pi, . . . ,ph\ ■ By (|4.9p applied to yk = Pi, together with 
I4.2.3[|vil) . we have 

Dp, C 

But then, since Ti = \JjTp., we conclude that Dp-, has a fixed base point in some 
Pj, which is impossible by the last property in (j4.9p . ■ 

4.3. Torelli theorem: proof of the necessary condition. By CoroUarv 11.3.31 
and Remark 11.3.11 to prove the necessary condition of Theorem 12.1.71 it suffices to 
prove the following. 

Let X and X' be stable curves of genus g free from separating nodes, and such 
that tg(X) = tg(X'). Then X and X' are Cl-equivalent. 
So, suppose we have an isomorphism 

$ = (0o>i) : {J{X) r> PT^, Q{X)) ^ (J(X') Pff^, Q{X')). 
We divide the proof into Steps. In the first step we collect the combinatorial parts. 

Step 1. 

(1) The above isomorphism <I> induces a bijection 

Set^X ^ Set^X'; S ^ S' , 

such that #5" = #S" for every S G Set^'^X. 

(2) r and T' are cyclically equivalent. 



V C Pic Y has a fixed base point if there exists a 3/ 6 Y which is a base point for every L £ V. 
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The isomorphism <pi : ^ — > P^, ^ induces an isomorphism between the 
posets of strata STx — STx'] hence, by Lemma r4.1.6[ it induces an isomorphism 

SVx = SVx' 

of the posets of supports, compatible with the support maps. In particular, we 
have an induced bijection 

Set^X ^ Set^X'; S ^ S' . 

Let us show that this bijection preserves cardinalities. By what we just said, every 
stratum of type P§ is mapped isomorphically to a stratum of type P§7- Moreover, 
as the theta divisor of X is mapped isomorphically to the theta divisor of X', the 
intersection Q{X)r\ P§ is mapped isomorphically to Q{X') n P|, ; in particular the 
number of irreducible components of these two intersections is the same. Hence, 
by Lemma [4. 2. 11 S and S' have the same cardinality. 

This proves the first item. At this point the fact Fx and Tx' are cyclically 
equivalent follows immediately by what we just proved, thanks to the following 
immediate consequence of |CV09[ Prop. 2.3.9 (ii)] combined with pV09l Thm 
5.3. 2(i) - (iii)]. 

Fact 4.3.1. Let T and V be two connected graphs free from separating edges. Sup- 
pose that there exists an isomorphism of posets, SVr = SVt' , whose restriction to 
Cl-sets, Set^F ^ Set^T' , preserves the cardinality. Then T and F' are cyclically 
equivalent. 

Step 2. X" = X"". 

By the previous step, the number of irreducible components of X'^ and X"^ is 
the same; indeed, the number of edges and the first Betti number of T x and Tx' 
are the same, hence the number of vertices is the same. Denote by C X^ and 
X'_]^ C X"^ the union of all components of positive genus. It is enough to show that 

(4.10) XI = XX . 

In Remark 11.2.111 we saw that ^ has a unique stratum of smallest dimension, 
namely the unique stratum supported on Xging. This smallest stratum is isomorphic 
to the product of the Jacobians of the components of X^ , and hence to the product 
of the Jacobians of the components of X^ having positive genus. It is clear that the 
smallest stratum of P^^ is mapped by <f>\ to the smallest stratum of P^^ . Recall 
now (jl.7p . expressing the restriction of the Theta divisor to this smallest stratum 
in terms of the Theta divisors of the components of X^ . As a consequence the 
projection of the smallest stratum onto each of its factors determines the polarized 
Jacobian of all the positive genus components of the normalization. Hence, by the 
Torelli theorem for smooth curves, we obtain that the positive genus components 
of the normalizations of X and X' are isomorphic, so (j4.10p is proved. 
Step 3. Condition 0) of Definition\K775\ holds. 

We use induction on the number of nodes. The base is the nonsingular case, i.e. 
the classical Torelli theorem. From now on we assume X and X' singular. 

As usual, we denote the normalizations of X and X' both by X^. 

Let S G Set^X and S' G Set^X' be a pair of corresponding Cl-sets, under the 
bijection described in the first step; set h :— #5* — i^S'. Let j/5 : Ig X and 
VS' '■ ^s' ~^ tie the partial normalizations at S and S', and call gs = g — h their 
arithmetic genus. Recall that Yg and Yg, have h connected components, each of 
which is free from separating nodes and has positive arithmetic genus. We claim 
that Ys and Yg, are Cl-equivalent. 
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Recall (see (|1.9|) ) that we denote by Ps C Px^^ and Ps' C Px^^ the closures of 
all strata supported, respectively, on S and S' . By what we said, the isomorphism 
01 induces an isomorphism 

(4.11) P^^P^. 

By Lemma 11.3.21 we obtain that Ps together with the restriction of the theta di- 
visor and the action of J{Ys) is naturally isomorphic to (J(Xs') ^ ^Ys^^ ^^O^s))] 
similarly for Ps' • Therefore by (j4.1ip we have 

{J{Ys) r.P^,eiYs)) - (j(yi,) ^i^,e(F^,))- 

By Proposition 11.3.11 the same holds if Ys and Yg, are replaced by their stabiliza- 
tions, Ys and Yg,. Therefore we can apply the induction hypothesis to Is and Yg, 
(which are stable, free from separating nodes, and have fewer nodes than X and 
X'). We thus obtain that Ys is Cl-equivalent , or T-equivalent, to Y^,. 

On the other hand the normalizations of Ys and Yg, are isomorphic, as they are 
equal to the normalizations of X and X'. Furthermore, as Tx =cyc ^X' (by Step 
2) the dual graphs of Ys and Yj/ are cyclically equivalent (by the same argument 
used for Lemma l3.1.6p . Therefore, by Lemma 14.3.21 Ys is T-equivalent, hence 
Cl-equivalent, to Yg,. The claim is proved. 

Next, consider the normalization maps 

i^-.X-'^Ys^X, v' : X" ^ Y^, ^ X' 

where /j, and /j,' are the normalizations of Ys and Yg,. As Ys and Yg, are Cl- 
equivalent, the gluing sets M~"^((i^5)sing) and M'^^((yg')sing) are the same (cf. I3.1.4p . 
The gluing sets of v and v' are obtained by adding to the above set the gluing sets 
ofS'andS". 

By ProDOsition l4.2.4l we have that i'g^{S) and Ug}'{S') are uniquely determined 
by the ppSSAV of Yg or of 1^5' , which are isomor phic. Therefore {P^^'^ ,Q{Ys)) 
uniquely determines {vg'^ {S)) = v-^{S) and ^i'-^{vg}{S')) = v'-^{S') on X" . 
This is to say that, up to automorphisms of X'^ , the sets v~^{S) and v'^^{S') 
coincide. Denote Gs ■— i^^^{S) ~ ^'^^{S'). We also obtain that the gluing set of 
V is equal to the gluing set of u'; we call it Gx^i^^ — ^^"^(-''^sing) = ^^'""^(-''^sing)- Of 
course Gx^i^ is the disjoint union of all the gluing sets associated to all the Cl-sets 
oiX. 

Now we apply the previous argument to every remaining pair of corresponding 
Cl-sets, as follows. Pick a pair of corresponding Cl-sets, U and U' , with U ^ S. 
Then, as before, Yu and Y(j, are Cl-equivalent, and their (same) ppSSAV uniquely 
determines 

Gu ■■= y-\U) = u'-\U') c Gx_, \ Gs c X\ 

Therefore condition (|B| of Definition holds, i.e. X and X' are Cl-equivalent. 
The proof is complete. ■ 

We used the following basic fact. 

Lemma 4.3.2. Let X and X' he free from separating nodes; suppose that their 
stabilizations are T-equivalent and that Tx =cyc ^ X' ■ Then X and X' are T- 
equivalent. 

Proof. Let X and X' be the stabilizations of X and X' . Observe that the dual graph 
of X is obtained from Tx by removing some vertices of valence 2 (corresponding 
to the exceptional components oi X) so that the two edges adjacent to every such 
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vertex become a unique edge. Therefore there is a natural isomorphism Hi{Tx) = 
iJi(r^). Moreover, this isomorphism fits in a commutative diagram 

i7i(r^,z)^Divax'' 

where the right vertical arrow is induced by the obvious injection X'^ ^ X'^. The 
diagram immediately yields that the map tjy is determined by rjx- The converse 
is also true, in fact if i? C X is an exceptional component, and t:e '■ Div-X'' 
Div° E = Div°pi the projection (Biv" E is a factor of Biy-X"), then the map 
T^E^Vx is uniquely determined up to an automorphism of X. The same observation 
applies to X', of course. 

Now to prove the lemma, notice that X and X' have the same number of irre- 
ducible components, because their dual graphs are cyclically equivalent. Denote by 
X'^ C X'\ respectively by X'l^ C X'", the union of all components of X" , respec- 
tively of X"^, having positive genus. To show that X'^ = X'^ it suffices to show 
that = X']^ . This follows immediately from the fact that the normalizations of 
X and X' are isomorphic. 

Finally, by the initial observation, the maps rjx and rjx' are determined by those 
of X and X', and hence Property (Jcj) of Definition l3. 1 .3l holds for X and X' , because 
it holds for their stabilizations. ■ 

4.4. Torelli theorem: proof of the sufRcient condition. By CoroUarv 11.3.31 
and Remark 11.3.11 it suffices to prove the first part of Theorem I2.1.7[ i.e. we can 
assume that X and X' are Cl-equivalent curves free from separating nodes. By 
Proposition 13.2.11 Cl-equivalence and T-equivalence coincide; so we can use the 
second concept, which is now more convenient. Indeed the proof consists in applying 
some well known (some quite deep) facts about ppSSAV, on which our definition 
of T-equivalence is based. 

By |AN99] . and by |Ale041 Sec. 5.5] (where a short description, ad-hoc for the 
present case, is given) tg(X) is determined by a set of "combinatorial data" (partly 
known also to Mumford and Namikawa, see |Nam79[ Chap. 18] and jNamSO) Chap. 
9.D]). Let us recall them. Denote by J{X'^Y be the dual abelian variety of J{X'^). 
Now let 

Ax : J{Xn ^ JiXn' 

be the isomorphism associated to the class of the Theta divisor of X"^ . 

Let P be the universal, or Poincare, line bundle on J{X'^) x J{X'^y. Recall 
that its set of fc-rational points, Vik), defines a biextension, the so-called Poincare 
biextension, of J{X'') x JiX^Y by k*; |Mum681 Sect. 2 p. 311] or [Bre] . 

Then tg{X) is uniquely determined by the following data. 

(1) The free abelian group -ffi(rx, Z). 

(2) the Delaunay decomposition of the real vector space Hi{Tx,^) associated 
to the lattice Hi{Tx,'^), with respect to the Euclidean scalar product. 

(3) The classifying morphism of the semiabelian variety J{X), together with 
its dual. In our present situation, this is the datum of the group homomor- 
phism Cx ■ Hi(rx,'^) — > JiX"^) already described in 13.1. 11 together with 
its dual 

c'x : Hi(rx,Z) ^ J{Xn ^ JiX'^y. 

(4) The equivalence class of a trivialization of the pull back to Hi {Tx , Z) x 
Hi (Tx , Z) of the inverse of the Poincare bi-extension; i.e. the class of a 
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map 

Tx : i/i(rx,z) X Hi{rx,z) ^ (4 X cxyr-\k). 

This is determined by composing 

r]x xrjx ■■ Hi{Tx,I^) x i?i(rx,Z) ^ Div^X" x Div^X"^ 
with the Dehgne symbol (see [SGXI XVII] and |Alen4l Sec. 5.5]). 
Let us show that such data are the same for our T-equivalent curves X and X'. 

As the graphs Tx and Tx' are cychcally equivalent, there is an isomorphism 
en ■ Hi(Tx,'Z) Hi{Tx' ,'^)- Such an isomorphism induces an isomorphism 
Del(rx) = Del(rx') between the Delaunay decompositions of X and of X' (see 
[CV09[ Prop. 3.2. 3(i)]). Therefore the data ^ and © arc the same for X and X' . 

Since X'^ — X'", we have J{X'^) = J{X"') and the principal polarizations, of 
course, coincide: 

\x = \x' ■■ Jixn Jixy. 

The classifying morphism has been described in 13.1.11 From [3TT3lj c|) . we get the 
commutativity of the following diagram 

cx :i?i(rx,Z)^^DivaX'^ ^JiX-^) 



cx' ■.Hi{Tx',Z)^^Biv^X'^ ^JiXn 

where a G Aut(J(X'^)) is the automorphism induced by a (recall that J{X'^) = 
Pica X^). It is clear that the automorphisms of J{X^) have no effect on the isomor- 
phism class of the semiabelian variety corresponding to the classifying morphisms. 
This shows that data ([3]) are also the same for X and X' . 

Let now V'{k) be the Poincare bi-extension oi X'\ see @. By what we said so 
far, it is clear that 

{tH X eunc'x, X cx'YV'-^k) ^ {c'x x cxYV-^k). 

Now, the class of the map tx (respectively tx' ) is constructed using the Deligne 
symbol which is canonically defined on the pull back of V~^{k) (respectively of 
r'-^{k)) to Div^X'^ x Div^X^^. Therefore, using the above isomorphism and the 
commutative diagram of I3.1.3fc j). we get 

TX - (cif X eff)*Tx' : i/i(rx,Z) x H^{Tx,I^) ^ (4 x cxYV-^k). 

Therefore the data of part ([4]) are also the same for X and X' . We thus proved 
that the data defining tg{X) and ig{X') are the same, hence we are done. ■ 

5. The fibers of the Torelli morphism 

5.1. Injectivity locus and fiber cardinality of tiie Torelli morpiiism. 

Where, in Mg, is the compactified Torelli morphism tg injective? At this point it 
is clear (as was already known to Namikawa, see |Nam80i Thm. 9.30(iv)]) that this 
is the case for irreducible curves; the question is thus really interesting for reducible 
curves. To give it a precise answer we introduce some terminology. 

5.1.1. A connected graph is 3-edge connected ii it remains connected after removing 
any two of its edges. We need the following characterization (Corollary 2.3.4 of 
[CV09) ). A connected graph free from separating edges is 3-edge connected if and 
only if every Cl-set has cardinality one. 

Note also that given two cyclically equivalent connected graphs, one is 3-edge 
connected if and only if the other one is. In graph theory, the definition of a 3-edge 
connected graph is usually given for graphs having at least two vertices. Here we 
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do not make this assumption, so for us a graph with one vertex is always 3-edge 
connected. 

We shall call "Torelli-curves" those stable curves for which the Torelli map is 
injective; see Definition 15.1.31 and Theorem 15. 1.51 We first illustrate a simple case. 

Example 5.1.2. The following is the simplest example of Cl-equivalent stable 
curves. Let X" — X"^ — Ci ]JC2, where the Ci are smooth of genus gi > 1. Let 
Pi^Qi e Ci be distinct points; now define 

X^-^l^l^ and X-^^lH^. 

It is clear that X and X' are Cl-equivalent. 

Observe now that they are not isomorphic, unless one of them, Ci say, has an 
automorphism switching pi with qi . 

Indeed, suppose that there exists ai G AutCi such that ai(pi) = qi and 
ctiili) = Pi- Then the automorphism £ AutX" which restricts to ai on Ci 
and to the identity on C2, descends to an isomorphism between X and X', since 
p' o (f){pi) = v' o (j){p2) and v' o (f)(qi) = v' o 4>{q2). This example, when ai as above 
exists, is a special case of Torelli curve, defined as follows. 

Definition 5.1.3. A stable curve X such that Xscp = is called a Torelli curve if 
for every Cl-set S such that ^^5* = h > 2, conditions ([Ij and ([2]) below hold. 

(1) For every i — I, . . . ,h — 1 there exists an automorphism ai G Aut(li) 
such that ai{pi) ~ qi and ai{qi) = pi, (where Yi, . . . ,Yh are the connected 
components of Ys and Pi,qi (z Yi are the two gluing points). 

(2) There is an isomorphism as marked curves (Yi;pi, qi) = {Yj]pj, qj) for every 
hj ^ h—1; or else ft, = 3 and there exists ah G Aut(F;i) such that ahiph) = 
qh and ah{qh) ^ Ph- 

Example 5.1.4. If Fx is 3-edge connected X is a Torelli curve, bv 15. 1.11 

Theorem 5.1.5. Let X be a stable curve free from separating nodes. Then 

(1) 



#t/(tg(X))< 



(5-2) 



2 

Furthermore the bound is sharp, and can he obtained with X a cycle curve 
equal to the union of g — 1 elliptic curves, no two of them isomorphic. 
(2) tg (tg{X)) = {X} if and only if X is a Torelli- curve. 

Proof. By Theorem 12 . 1 . 71 the set tg ^(ig{X)) is the Cl-equivalence class of X. The 
bound on the cardinality of the Cl-equivalence class follows from Lemma [5. 1.81 

Now, let X be the union oi g — 1 smooth curves Ci, . . . , Cg_i of genus 1, so 
that the dual graph of X is a cycle of length g — 1. Suppose that Ci ^ Cj for all 
i ^ j. The curve X has a unique Cl-set, namely S = A'sing, and each curve Ci 
contains exactly two points of Gs, which we call Pi and qi. With the notation of 
12.3.21 let [{as,ips)] be the gluing data of X. Since each d has an automorphism 
exchanging pi with qi, varying the marking ips does not change the isomorphism 
class of the curve X. On the other hand, any change in as (with the exception of 
ag^ of course) changes the isomorphism class of the curve, because no two Ci are 
isomorphic. Therefore, we conclude that the number of non-isomorphic curves that 
are Cl-equivalent to X is equal to 1 if g < 3, and {g — 2)!/2 if g > 4. Part ^ is 
proved. 

For part ^ it suffices to prove the following. Let X be connected with Xscp = 0; 
AT is a Torelli curve if and only if the only curve Cl-equivalent to A is A itself. 
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Assume first that X is a Torelli curve. If Fx is 3-edge connected, tfien every 
Cl-set fias cardinality 1 bv 15.1.11 therefore we conclude by Lemma [5.1.61 We can 
henceforth assume that Tx is not 3-edge connected. 

Let S € Set^X have cardinality /i > 2 (it exists bv l5.1.ip . We claim that Aut X 
acts transitively on the gluing data of S, described in 12.3.21 We use the notation 
of Definition 15.1.31 li h = 3 and Yi has an automorphism exchanging pi with for 
1 = 1,2, 3, then the claim trivially holds. 

Next, assume that the first /i — 1 marked components {Yi;pi,qi) are isomorphic 
and have an automorphism switching the gluing points Pi,qi. Using the set-up 
of 12.3.21 the gluing data are given by an ordering of the components, which we 
can assume has Yh as last element, and by a marking of each pair {pi,qi) for all 
i = 1,...,7 — 1. Now Aut X acts transitively on the orderings of the components, by 
permuting Yi, . . . , Y^^i, which are all isomorphic by isomorphisms preserving the 
gluing points. Moreover for i = 1, . . . , 7 — 1 each pair of points {pi, Qi) is permuted 
by the automorphism a^. The claim is proved. Of course, the claim implies that 
X is unique in its Cl-equivalence class.. 

Conversely, let X be the unique curve in its Cl-equivalence class. If every Cl-set 
of X has cardinality 1 then Tx is 3-edge connected (bv 15.1.1]) and we are done. 

So, let S £ Set^X be such that #5" > 2 and let us check that the conditions of 
Definition 15.1.31 hold. With no loss of generality, and using the same notation as 
before, we may order the connected components of Ys so that qi is glued to Pi+i and 
Pi is glued to qi-i (with the cyclic convention, so that pi is glued to qt)- Assume 
that Yh has no automorphism exchanging ph with qh ; let us change the gluing data 
of X by switching ph with q^, and by leaving everything else unchanged. Then 
the corresponding curve is Cl-equivalent to X, and hence it is isomorphic to X, 
by hypothesis. Therefore, the curve W — X \ Yfi must admit an automorphism 
switching pi with qh-i (the two points glued to qh and ph)- Now it is easy to see, 
by induction on the number of components of W, that such an automorphism exists 
if and only if is a union ft, — 1 of marked components, {Yi;pi, qi), all isomorphic 
to ( Yi ; pi , (ji ) , and if Yi has an involution switching pi,qi. Therefore X is a Torelli 
curve. 

If instead Yi has an automorphism exchanging the two gluing points for every 
i = 1, . . . , h, and no h—1 among the Yi are isomorphic, it is clear that for /i > 4 there 
exist different orderings of the Yi giving different Cl-equivalent curves. Therefore 
we must have h — 3, hence X is a Torelli curve. I 

The proof of the Theorem used the following lemmas. 

Lemma 5.1.6. Let X be a connected nodal curve free from separating nodes. Then 
the cardinality of the Cl-equivalence class of X is at most 

n 2#^-i(#5-i)!. 

SeSet^X 

Proof. By the discussion in l2.3.2[ the number of curves that are Cl-equivalent to X 
is bounded above by the product of the number of all gluing data for each Cl-set 
X. The Cl-sets with = 1 admit only one gluing data, so they do not contribute. 

Let 5 be a Cl-set of cardinality at least 2. Clearly there are 2^^^ possible mark- 
ings tps, and (#5* — 1)! possible choices for the cyclic permutation as. Furthermore, 
recall that each gluing data can be given by two such pairs (i/'s, fs), namely the two 
conjugate pairs under the involution (|2.8p . This gives us a total of 2^^~^{^S — 1)1 
gluing data. ■ 

We shall repeatedly use the following elementary 
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Remark 5.1.7. Let i? be a connected nodal curve of genus at most 1, free from sep- 
arating nodes. For any two smooth points p, q of E, there exists an automorphism 
of E exchanging p and q. 

Lemma 5.1.8. Let X be a connected curve of genus g > 2 free from separating 
nodes; let e be the number of its exceptional components. Then the CI- equivalence 
class of X has cardinality at most 

' {g-2 + ey: 

2 

Proof. Throughout this proof, we denote by {^jci the Cl-equivalence class of a 
nodal curve Y . We will use induction on g. 

We begin with the following claim. Let X be the stabilization oi X. If F^^ is 
3-edge connected, then #{X}ci = 1- 

Indeed there is a natural bijection between the Cl-sets of X and those of X; 
which we denote by S" i-^ S*. By assumption, for every Cl-set S oi X the partial 
normalization Y-g oi X at S is connected (since #5 = 1). Now, for any S G Set^X, 
the partial normalization Yg of X at S* is equal to the disjoint union of Y-g together 
with some copies of . Using this explicit description and 15.1.71 we find that all 
the possible gluing data [{as,tps)] of S f see 12.3.2]) give isomorphic curves, i.e. X is 
unique inside its Cl-equivalence class. The claim is proved. 

Now we start the induction argument. Let us treat the cases g = 2,3. 

Using the above claim, it is easy to see that to prove the Lemma for = 2,3 
we need only worry about curves X of genus 3, whose stabilization X is the union 
of two components C'l and C2 of genus 1, meeting at two points. If e = then 
X is unique in its Cl-equivalence class by using 15.1.71 If e > then the curves 
Cl-equivalent to X are obtained by inserting two chains of exceptional components 
between Ci and C2, one of length ei for every < ei < [e/2j, and the other of 
length e — ei. It is obvious that for different values of ei we get non isomorphic 
curves, and that we get all of the curves Cl-equivalent to X in this way. Therefore 

#{X}ci - 1 





r(e + l)!1 






2 



Assume now g > 4 and let S £ Set^X such that = h. As usual, we write 
Ys = Ui with Yi free from separating nodes and of genus gi :— gvi- We order 
the connected components Yi of Ys in such a way that: 

• Yi, . . . ,Yf have genus at least 4; 

• Yf+i, Yf+k3 have genus 3; 

• Yf+ks+i, Yf+k3+k2 have genus 2; 

• Yf+k3+k2+i, ■ ■ • ,i7+fe3+fe2+fei have genus 1; 

• Yf+k3+k2+ki+i, ■ ■ ■ ,Yh have genus and therefore are isomorphic to P-'^. 
Let Ci be the number of exceptional components of X contained in Yi ; then Yi 

has at most 6^-1-2 exceptional components. We have the obvious relations 

h 

(*) e = ^ei ^ ^ et + ^ ei + h - f - - k2 - ki 

i=l g,>2 gi=l 

(**) g-^ = J29^^J29^ + kl■ 

I gi>2 

Consider now the gluing data [{crs,ips)] associated to S (notation as in l2.3.2p . 
Call, as usual, {pi,qi} the two points of Gs contained in the component Yi. Since 
all the components Yi with gi < 1 have an automorphism that exchanges pi and qi 
fbv l5.1.7|) . if we compose the marking "05 with the involution of Gh that exchanges 
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Si with ti (for all indices i such that gi < 1) the resulting curve will be isomorphic 
to the starting one. Therefore, the number of possible non-isomorphic gluing data 
associated to S is bounded above by {h — i)!2/+'=2+fc3-i- gince g > i this number 
is an integer {li f = k2 = = then h > 3). We conclude that 

h 

#{X}ci <{h~ l)!2^'+'^-^+'=^-i n #{Y^}cl■ 

The components Yi of genus at most 1 are unique inside their Cl-equivalence 
class. For the components Yi of genus gi >2 we can apply the induction hypothesis 
(note that 2 < gi < g) and we get that 



m}ci < 



{gi-2 + e, + 2) 



[gi + e,)! 



2 

By substituting into the previous formula, we get 

1=1 

The number of (non-trivial) factors of the product (h — 1)1 Jig >2(ff« + ^O- equal 
to ft — 2 + J2g,>2(9i + - 1). Using the formulas (*) and (**), we get that 

h — 2 + {gi + Ci — 1) — g — 3 + e ~ < g — 3 + e. 

g,>2 

Since the factorial (g — 2 + e) ! has a number of factors equal to g — 3 + e, we conclude 
from the above inequalities that 

nj^. ^ (^-I)!n3.>2(.9» + e0! ^ (g~2 + e)! 

as claimed. I 
Corollary 5.1.9. tg {tg{X)) = {X} for every X e Mg with X^ep — ^ if and only 

ifg<i- 

Remark 5.1.10. Consider a Torelli curve X of genus at least 5 with dual graph non 
3-edge connected. It is not hard to see that X is the specialization of curves for 
which the Torelli morphism is not injective. On the other hand we just proved 
that tg^(tg(X)) — {X}. Therefore the Torelli morphism, albeit injective at X, 
necessarily ramifies at X. 

5.2. Dimension of the fibers. Let X be a stable curve of genus g; now we shall 

assume that X^cp is not empty and bound the dimension of the fiber of the Torelli 
map over X. 

Recall the notation of (|1.5p : the normalization of X at X^c-p is denoted X. We 
denote by 70 the number of connected components of X of arithmetic genus 0, by 
71 the number of those of arithmetic genus 1, and by 7+ the number of those having 
positive arithmetic genus, that is: 

1] ■= #{* ■ 9t = 3}, j = 0, 1, and 7+ := #{i : g, > 1}. 

Proposition 5.2.1. Let X be a stable curve of genus g > 2. Then 

dimt;'(t<,(X)) = 27;-7i-2 

(i.e. the maximal dimension of an irreducible component oftg^(tg{X)) is equal to 
27; - 71 - 2). 
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Proof. According to Theorem I2.1.7[ tg{X) depends on (and determines) the Cl- 
equivalence class of the stabilizations Xi of the components of X such that gi > 0. 
The Cl-equivalence class of Xi determines Xi up to a finite choice. In particular, 
note that 70 and the number, call it e, of exceptional components of IJg.>o"'^* 
not determined by tg{X). 

The dimension of the locus of curves in the fiber t^^ ^{tg{X)) having the same 
topological type of X is equal to 

(5.1) 2#X,ep - 370 - 71 - e. 

Indeed, each separating node gives two parameters of freedom, because we can ar- 
bitrarily choose the two branches of the node. The components Xi of arithmetic 
genus reduce the parameters by 3 because they have a 3-dimensional automor- 
phism group, similarly the components of arithmetic genus 1 reduce the parameters 
by 1. Finally, each exceptional component of IJg.>o -^^ reduces the parameters by 
1 , because it contains at least one branch of one of the separating nodes and exactly 
two branches of non-separating nodes. 

Formula (15. ip shows that the curves X' in the fiber t^ ^ {tg{X)) whose topological 
type attains the maximal dimension are the ones for which e' = (i.e. each positive 
genus component of X' is stable) and % — (i.e. X' has no genus component). 

In particular, since 7:^ =7', such a curve X' has ^X'^^^ = 7^ — 1 separating 
nodes. Applying formula (|5.ip to the curve X' we obtain dimt^ ^(tg(Ar)) < 27^ — 
7' — 2. To conclude that equality holds we must check that the locus of curves 
X' is not empty. This is easy: given Ugi>o"''^« ^^"^ S^^® (^^ several ways) the 
stabilizations of the Xi so that they form a tree. This, by our results, yields curves 

\nl-\tg{X)). ■ 

Corollary 5.2.2. Let X he a stable curve of genus g. Then 

{dimtg ^(tg(A)) < .9 — 2 with equality iff gi < 2 for all i, 
dimtg ^{tg(X)) > 7+ — 2 with equality iff gi<l for all i. 
Proof. The first inequality follows from the Proposition and 

9 = ii + ^ > ii + 2(7+ - 71) = 27+ - 71, 

with equality if and only if all gi < 2 for all i. 

The second inequality follows from 71 < 7+, with equality if and only gi < 1. I 

Using Theorem 15.1.51 and Corollary 15.2.21 one obtains that for g > 3 the locus 
in Mg where tg has finite fibers is exactly the open subset of stable curves free 
from separating nodes; see |Nam80[ Thm. 9.30(vi)] and |V031 Thm. 1.1] for the 

analogous results for the map ■ On the other hand tg is an isomorphism for 
5 = 2; again see |Nam80[ Thm. 9.30(v)]. 
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